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Part A

Answer any five questions.
Each question carries 1 weight.

Define a vector space. Is R a vector space over C, the complex field.

Verify whether (3, -1, 0, -1) in the subspace of R® spanned by the vectors (2, — 1,3, 2),
(-1,1,1,-3)and (1, 1, 9, -5).

Describe the range and null space of the differentiation transformation.

Let T be the linear operator on R? defined by T(xy, x3) = (~x2, x; ). What is the matrix of T in the ,
standard ordered basis for R2. 3

Prove that a linear combination of n-linear functions is n-linear.
0 a

If K is a commutative ring with identity and A is the matrix over K given by A=|-a 0 ¢ |.
Show that det A = 0. o=t
- Prove that similar matrices have the same characteristic pﬁlynomial,
Find a 3 x 3 matrix for which the minimal polynomial is x2.
(5x1=5)
Part B

Answer any five questions.
Each question carries 2 weight.

Let V be the vector space of all 2 x 2 matrices over the field F. Let W, be the set of matrices of the
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subspaces of V and also find the dimension of W, nW,.

form [ } Prove that W, and W, are
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Let V and W be vector spaces over the field F and let T be a linear transformation from V into W.
Suppose that V is finite dimensional. Prove that rank (T) + nullity (T) = dim V.

Let V be a finite dimensional vector space over the field F, and let W be a subspace of V. Show that
dim W + dim W* = dim V.

Let V be a finite-dimensional vector space over the field F. For each vector o in V define
L, (f) =f(e), fe V¥, Show that the mapping o = K, is an isomorphism of V onto V**.
Let « and t be the permutations of degree 4 defined by 0, = 2,06, =3,0,=4,0,=1, 1, = 3,
u=113=2,1,=4:

(a) Isooddoreven ?Is t odd or even.

(b} Find ot and to.
Let T be a linear operator on a finite-dimensional vector space V. Let ¢;, ¢g,...c; be the distinct
characteristic value of T and Let W, be the null space of (T-¢I). Show that the following are

equivalent ;

(i) T is a diagonalizable.

(ii) The characteristic polynomial for T is f=[x*—cl)d1,..{.r—ck)!ﬁ' and dim W, = di,
S L et
(iii) dim W, + ... + dim W, = dim V.
Find an invertible real matrix P such that P-1AP and P-'BP are both diag;ma.l, where A and B are

) 3 -8
given by ﬂ=[ﬂ 2], B=[ﬂ _1]~

Let V be a finite-dimensional vector space and let W,, ... W, be subspaces of V such that
V=W;+...+W,anddimV=dim W, + ... + dim W;,. Prove that V=W, & ... ® W,.

(bx2=10)
Part C

Answer any three questions,
Each question carries 5 weight.

Let W be the subspace of C? spanned by o,;=(1,0,0) and a,=(1+14, 1, -1)
(a) Show that a, and o, form a basis for W.
(b) Show that the vectors B; =(1, 1, 0) and By = (1, £, 1 + i) are in W and form another basis for W.

(c) What are the co-ordinates of o; and o, in the ordered basis {By,p5} for W.

(a) LetV be an n-dimensional vector space over the field F and let W be an m-dimensional vector
space over F. Prove that L (V, W) is finite dimensional and has dimension mn.

(b) Iffis a non-zero linear functional on the vector space V. Prove that the null space of fis a
hyperspace in V. Also prove that every hyperspace in V is the null space of a non-zero linear
functional on V.
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(a) LetV be a finite dimensional vector space over the field F and let {a;, ag,... ,} be an ordered

basis for V. Let W be a vector space over the same field F and let Bi1: Ba, ... B, be any vectors

in W. Prove that there is precisely one lmear transformation T from V into W such that
Tu = |3 forii= 152 =

(b) vae that every n-dimensional vector space over the field F is isomorphic to the space F*:

Let A be an n x n matrix over k. Prove that A is invertible over £ if and only if det A is invertible
in k. Also prove that when A is invertible A~! = (det A)~! adj A. Here k is a commutative ring with
identity. :

State and prove Cayley-Hamilton theorem for linear operators.

(a) Let V be a finite-dimensional vector space over the field F and let T be a linear operator on V.
Prove that T is triangulable if and only if the minimal polynomial for T is a product of linear
polynomial over F.

(b) Find a projection F which projects R? onto the subspace spanned by (1, — 1) along the subspace
spanned by (1, 2).

(3 x b =15)



